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Parametric coupling of lower hybrid pump wave with low frequency collisionless/weakly collisional trapped
electron drift wave, with frequency lower than the electron bounce frequency is studied. The coupling produces
two lower hybrid sidebands. The sidebands beat with the pump to exert a low frequency ponderomotive force
on electrons that causes a frequency shift in the drift wave, leading to the growth of the latter. The short
wavelength modes are destabilized and they enhance the anomalous diffusion coefficient.
I. INTRODUCTION
Drift waves driven by trapped electrons, both dis-
sipative trapped electron modes (DTEM) and colli-
sionless trapped electron modes (CTEM), are consid-
ered to be an important agent for anomalous trans-
port in tokamak1–13. The nonlinearity associated with
the trapped electron modes (TEM) has been exten-
sively investigated theoretically14–18. These microinsat-
bities are normally investigated using computer codes,
e.g., gyro-kinetic code GTC3,4, GYRO5,19, GS220, EM-
GLOGYSTO13. The TEM driven turbulence and trans-
port have also been studied experimentally in some toka-
maks such as Alcator C-Mod20, Axially Symmetric Di-
vertor Experiment (ASDEX) upgrade21, and DIII-D22.
Recent experiments in Alcator C- Mod23,24 reported
strong modification to toroidal rotation profiles in the
core region (0 < r/a < 0.4) induced by lower hybrid cur-
rent drive (LHCD). The change in the radial electric field
produced by the LHCD makes a nonambipolar radial cur-
rent, charging the plasma negatively with respect to its
pre lower hybrid (LH) state. This appears due to res-
onant trapped electron pinch i.e., the canonical angular
momentum absorbed by the resonant trapped electrons
while interacting with the lower hybrid waves and experi-
encing a faster inward drift than the ions in the core. Liu
et al.,25 have developed an elegant theoritical formalism
for radial, cross-field diffusion due to the nonconserava-
tion of azimuthal angular momentum in an axisymmetric
toroidal system, which appears due to the electric field
component along the magnetic field lines of force.
The lower hybrid waves launched into a tokamak by
a phased array of wave guides and propagating towards
the center in a well defined resonance cone are known to
excite parametric instabilities. The parametric coupling
to ion cyclotron mode and quasi-mode has been found
to be prominenet in high density tokamak. The lower
hybrid wave spectrum thus generated has significant in-
fluence over lower hybrid current drive. The four wave
a)Electronic mail: animesh47@gmail.com
parametric coupling of lower hybrid pump wave to drift
waves has also been recognized to be important. Liu and
Tripathi26 explained the supression of drift waves by four
wave parametric process. The E×B electron drift due to
a lower hybrid pump wave of finite wave number beats
with the density perturbation associated with the drift
wave to produce sideband nonlinear currents that drive
lower hybrid waves at lower and upper sideband frequen-
cies. The sideband waves couple with the pump to exert
a ponderomotive force that causes frequency shift in the
eigen frequency of the drift wave. When this frequency
shift overcomes the frequency shift due to finite Larmor
radius effects the drift wave is stabilized. The lower hy-
brid pump with wave number greater than drift wave
numbers was shown to stabilize the entire spectrum of
drift wave when the pump amplitude exceeds a thresh-
old value. Praburam et al.,27 developed a nonlocal theory
of this process in a cylindrical plasma column. Wong and
Bellan28 studied the lower hybrid wave destabilization of
collisional drift wave in the Princeton L-3 device. Redi et
al.29, have analyzed linear drift mode stability in Alca-
tor C- Mod with radio frequency heating, using GS2 gy-
rokinetic code, and shown that ion temperature gradient
(ITG) and electron temperature gradient (ETG) modes
are unstable outside the barrier region and not strongly
growing in the core; in the barrier region ITG/TEM is
only weakly unstable for experimental profiles which have
been modified by ion cyclotron radio frequency heating.
In a large aspect ratio tokamak, a trapped electron
population exists in a fraction of velocity space given by
δλ ∼ √, where λ is the paricle’s pitch angle and  = r/R
is the inverse aspect ratio of a tokamak magnetic surface
with minor and major radii, r and R respectively. The
trapped particles complete many bounces in its magnetic
well before suffering sufficient small angle collisions to de-
trap them. They influence the low frequency drift waves
very significantly, and having a destabilizing influence on
them. Recently we30 have carried out the gyrokinetic
formalism to study lower hybrid wave stabilization of ion
temperature gradient driven modes, in which the longer
wavelength drift waves are destabilized by the lower hy-
brid wave while the shorter wavelengths are suppressed.
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2In this paper we study the four wave parametric coupling
of a lower hybrid pump wave to trapped electron modes.
The paper is organized as follows : in section II the
basic model and linear response of pump and sidebands
are described. Section III presents low frequency per-
turbation. Section IV contains the nonlinear response at
sidebands, and growth rate have been calculated in Sec.
V. Finally in section VI we have discuss the results.
II. BASIC MODEL AND LINEAR RESPONSE OF PUMP
AND SIDEBANDS
We consider a toroidal geometry with circular con-
centric magnetic surfaces, parametrized by the usual
usual coordinates (r, θ, ξ) represent the the minor radius,
poloidal angle and the toroidal angle coordinates, and the
magnetic field can be written as B = B[eξ + (/q)eθ],
where B = B0(1 −  cosθ) is the magnitude of the mag-
netic field, q is the safety factor, eξ and eθ are the unit
vectors along toroidal and poloidal direction respectively.
The equilibrium distribution functions for electrons and
ions are Maxwellians i,e.,
f00e = n(m/2piTe)
3/2exp(−mv2/2Te),
f00i = n(mi/2piTi)
3/2exp(−miv2/2Ti), (1)
where m, mi are the mass of electron and ion, v is
the velocity, and Te, Ti denote the electron and ion
temperature respectively.
A high power lower hybrid wave is launched into the
plasma with potential φ0, ω0 lies in the range Ωi  ω0 
Ωc and Ωi, Ωc are the ion and electron cyclotron frequen-
cies. The dispersion relation for the lower hybrid wave is
ω20 = ω
2
LH(1 + (mi/m)k
2
0‖/k
2
0). This wave imparts oscil-
latory velocity to electrons
v0⊥ = − m
eB2
[
iω0∇⊥φ0 − e
m
B×∇⊥φ0
]
,
v0‖ = − e
miω0
∇‖φ0, (2)
The second term in v0⊥ represents the E×B drift, which
is much larger than the polarization drift (first term in
the same equation). This oscillatory velocity provides a
coupling between the low frequency TEM mode of po-
tential
φ = Ae−i(ωt−k·ψ), (3)
and lower hybrid wave sidebands of potential
φj = Aje
−i(ωjt−kj ·ψ), (4)
with j =1, 2, where ω1 = ω−ω0, ω2 = ω+ω0, k1 = k−k0,
and k2 = k + k0 The linear response of electrons to the
sidebands turns out to be
vj⊥ = − m
eB2
[
iωj∇⊥φj − e
m
B×∇⊥φj
]
,
vj‖ = − e
miωj
∇‖φj . (5)
III. NONLINEAR LOW FREQUENCY RESPONSE
The pump and sidebands exert a low frequency pon-
deromotive force FP on electrons. FP has two compo-
nents, perpendicular and parallel to the magnetic field.
The response of elctrons to FP⊥ is strongly supressed
by the magnetic field and is usually weak. In the par-
allel direction, the electrons can effectively respond to
FP‖, hence, low frequency nonlinearity at ω,k arises
mainly through FP‖ = −mv · ∇v‖. The parallel pon-
deromotive force, using the complex number identity
ReA× ReB = (1/2)Re[A×B+A∗ ×B], for the back-
ground electrons can be written as
Fp‖ = eik‖φp = −
(
m
2
)[
v0⊥ · ∇⊥v1‖ + v1⊥ · ∇⊥v0‖
]
−
(
m
2
)[
v∗0⊥ · ∇⊥v2‖ + v2⊥ · ∇⊥v∗0‖
]
(6)
Using Eqs.(2) and (5) and considering only the dominant
E×B drift terms the ponderomotive potential φp in the
limit ω << k‖vthe, takes the form
φp‖ = −φ0φ1
2B2
B× k0⊥ · k1⊥
ω0ω1ik‖
[
ω0k1‖ − ω1k0‖
]
−φ
∗
0φ2
2B2
B× k0⊥ · k2⊥
ω0ω2ik‖
[
ω0k2‖ − ω2k0‖
]
. (7)
One may note φp is maximum when k⊥ and k0⊥ are
perpendicular to each other. The ponderomtive force on
ions is weak, hence we ignore it and take the ion response
to be linear. The electron density perturbation due to φ
and φp can be written in terms of electron susceptibility
of χe as
δne
n
=
k20
e
χe(φ+ φp), (8)
where as ion perturbation in terms of ion susceptibility
χi as
δni
n
= −k
20
e
χiφ. (9)
Here n is the equlibrium electron density and 0 is the
free space permittivity. For the ions, neglecting collisions,
longitudinal motion and cross filed guiding center drifts
one can write
χi =
2ω2pi
k2v2thi
[
1−(1−ω
∗
i
ω
)I0e
−b−ηiω
∗
i
ω
b(I0−I1)e−b
]
. (10)
where b = (k⊥ρi)2, ρ=vth/ωc, I0 and I1 are the modified
Bessel functions of zero and first order, respectively,
ω∗i is the ion diamagnetic drift frequency, k⊥ is the
perpendicular wave number, k⊥ = kθeθ + krer.
For the electron susceptibility we consider two cases.
3A. Collisionless TEM Mode
In this case susceptibility can be taken from Ref.15
χe =
2ω2p
k2v2the
[
1 +
(

2
)1/2(
1− ω
∗
e
ω
)
4lnxt4
(
gn
√
iµ
pi
)]
.
(11)
where 4 is the separation of adjacent mode rational sur-
faces for fixed toroidal mode number, 4 = 1/kθ sˆ (it also
signifies the trapped electron layer width, which demarks
the region in which the trapped electron response is sig-
nificant), xt =
√
Ln/Lsρ represents the turning point
width, Ls, Ln, and ρ are the magnetic shear length, equi-
librium density scale length and ion Larmor radius and
for the collisionless regime (ωDe < ω < ωb)
Im(gn) = 2
√
pi
(
ω
ωDe
)3/2
e−ω/ωDe (12)
with ωDe = Ln/Rω
∗
e , and ω
∗
e is the elctron diamagnetic
frequency.
Using the Eqs.(10) and (11) in the Poisson’s equation,
we obtain
εφ = −χeφp, (13)
where ε = 1 + χi + χe,
B. Weakly Collisional TEM Mode
In the low collisionality ’banana’ regime ν∗e =
νe/ωbe 1, where νe is the 900 coulomb collision fre-
quency and ωbe = 
1/2vthe/Rq is the typical bounce fre-
quency of trapped electrons, electron suscetibility and
can be written as31
χce =
2ω2p
k2v2the
{
1− 2
√
2
pi
(
1− ω
∗
e
ωc
)
+
2
√
2Γ(3/4)
pi3/2
(1 + i)
√
νthe
ωc
[
1− ω
e
∗
ωc
(
1− 3
4
ηe
)]}
.(14)
where νthe is the collision frequency at thermal speed
and we have neglected a small population of low energy
elctrons which are highly collisional. Using the Eqs.(10)
and (14) in the Poisson’s equation we obtain
εcφ = −χceφp, (15)
where εc = 1 + χi + χ
c
e, and χ
c
e is the electron (weakly
collisional)
IV. NONLINEAR RESPONSE AT THE SIDEBANDS
The density perturbation at (ω,k) couples with the
oscillatory velocity of electrons, v0, to produce nonlinear
density perturbations at sideband frequencies. Solving
the equation of continuity,
∂
∂t
nNL1 +∇
(
δne
2
v∗0
)
= 0, (16)
one obtains
nNL1 =
δne
2ω1
(k1 · v∗0). (17)
Similarly for the upper sideband the nonlinear density
perturbation can be written as
nNL2 =
δne
2ω2
(k2 · v0). (18)
Using Eqs. (17) and (18) in the Poisson’s equation for
the sideband waves, we obtain
ε1φ1 =
k2
k21
(
1 + χi
)
k1 · v∗0
2ω1
φ,
ε2φ2 =
k2
k22
(
1 + χi
)
k2 · v0
2ω2
φ, (19)
where
ε1 = 1 +
ω2p
Ω2c
− ω
2
pi
ω21
(
1 +
k21‖
k21
mi
m
)
,
ε2 = 1 +
ω2p
Ω2c
− ω
2
pi
ω22
(
1 +
k22‖
k22
mi
m
)
, (20)
are the dielectric functions at (ω1,k1), and (ω2,k2).
V. GROWTH RATE
The coupled equations (13) and (19) lead to the non-
linear dispersion relation,
ε = −χe(1 + χi)
(1 +
k20⊥
k2⊥
)
k2U2sin2δ
4ω20
[
1
ε1
+
1
ε2
]
, (21)
where U = |k0φ0/B| is the magnitude of E0×B electron
velocity, and δ is the angle between k⊥ and k0⊥. For
ωk0z/ω0kz  1, k2⊥ < k20⊥, k2z < k20z one may write
1
ε1
+
1
ε2
w 1
2(1 + ω2p/Ω
2
c)
1− k2⊥k20z/k2zk20⊥
(1− ω2LH/ω20)
(22)
We simplify Eq. (21) in two different cases
A. Collisionless TEM Mode
Writing ω = ωr + iγ ,with γ  ωr, the real and imag-
inary parts of Eq. (21) gives
ωr = −ω∗i
[I0e
−b − ηib(I0 − I1)e−b]
1− I0e−b + 1Te/Ti+P2ω2pi/k2v2thi
,
4FIG. 1. (Color online) Variation of normalized real frequency
for collisionless TEM as a function of b for ηi=5, R/Ln = 1.8
.
for b <1
ωr w −ω∗i
[
1− b− ηib
b+ 1
Te/Ti+P2ω2pi/k
2v2thi
]
, (23)
γ = −Ti
Te
√

2
(1− ω∗eω )∆lnxt∆ Im(gn
√
iµ
pi )(1 + Pχi)
1− I0e−b + 1Te/Ti+P2ω2pi/k2v2thi
(24)
There are two regimes, for small k⊥ regime, P reduces,
hence the drift wave frequency enhance and growth rate
increases. For large k⊥, P become positive and hence the
growthrate reduces, where
P ' 1− k
2
⊥k
2
0z/k
2
zk
2
0⊥
2(1 + ω2p/Ω
2
c)(1− ω2LH/ω20)
k2U2
4ω20(1 + k
2
0/k
2)
.(25)
B. Weakly Collisional TEM Mode
Writing ωc = ωcr + iγ
c ,with γc  ωcr, the real and
imaginary parts of Eq. (21) gives
ωcr[
G
ω∗e
− (1− 3
4
ηe)(S +
1
P
)] +
G
Γ(3/4)
√
pi
νthe
√
ωcr
−G(1− 3
4
ηe) = 0,
γc =
G
Γ(3/4)
√
pi
νthe
√
ωcr
[ Gω∗e
− (1− 34ηe)(S + 1/P )]− G2Γ(3/4)
√
pi
νtheωcr
,(26)
FIG. 2. (Color online) Variation of normalized growthrate for
collisionless TEM as a function of b for ηi=5, R/Ln = 1.8
.
FIG. 3. (Color online) Variation of normalized real frequency
for weakly collisionl TEM as a function of b for two differ-
ent values of lower hybrid amplitude U/cs=1, and 3. Others
paprameter are ηi=5, R/Ln = 1.8, collisionality parameter
Lnνthe/vthi = 0.01
.
where
G = 2
ω2pi
k2v2thi
ω∗i
{
I0e
−b − ηib(I0 − I1)e−b
}
,
S = 1 + 2
ω2pi
k2v2thi
(1− I0e−b). (27)
In order to have a numerical appreciation of results
5FIG. 4. (Color online) Variation of normalised growth rate
for weakly collisional TEM as a function of b for two different
lower hybrid amplitude U/cs=1, and 3. Others parameters
are ηi=5, R/Ln = 1.8, collisionality parameter Lnνthe/vthi =
0.01
..
we consider the following set of parameters, correspond-
ing to Alcator C-Mod tokamak23, a compact tokamak :
major radius R = 0.67 m, typical minor radius = 0.21
m, r/a ∼< 0.4, background electron density ∼ 1020m−3,
electron temperature∼ 2.5keV, ion temperature ∼ 1 keV,
magnetic field ∼ 5T, frequency of the lower hybrid pump
is 4.6 GHz, and the refractive index of the lower hybrid
wave parallel to the magnetic field is∼2, R/Ln=1.8, U/cs
=5, where cs is the ion sound speed. The value of U/cs =
3 corresponds to lower hybrid power of 1.7 MW32. One
may mention that the range of lower hybrid power is typ-
ically ∼ 1 MW and looking for the increase of LH power
to 2.0-2.4 MW in future.
Figure 1 shows the progression of normalized wave
frequency for electrostatic collisionless TEM mode as a
function of b for different pump power U/Cs=0, and 3
which shows, lower hybrid pump amplitude have a sig-
nificant effect on real frequency, while in case of growth
rate of the collisionless TEM (cf. Fig.2) the lower hybrid
amplitude has a very tiny effect on the destabilization
of the drift wave, and significant effect on suppressing
smaller wavelength drift wave.
Figure 3 shows the progression of normalised wave fre-
quency for electrostatic weakly collisional TEM mode
as a function of b for different lower hybrid am-
plitude U/cs=1, and 3, and collisionality parameter
Lnνthe/vthi=0.01. The longer wave length drift waves
are stabilized by the lower hybrid pump wave, while the
shorter wavelength get destabilized (cf. Fig.4)
Finally we consider the anomalous diffusion in an ax-
isymmetric system, due to low-frequency, electrostatic in-
FIG. 5. Variation of diffusion coefficient for collisionless TEM
as a function of b for ηi=5, R/Ln = 1.8, τc = 20a/cs, U/cs = 3
.
FIG. 6. Variation of diffusion coefficient for weakly collisional
TEM as a function of b for ηi=5, R/Ln = 1.8, τc = 20a/cs,
collisionality parameter Lnνthe/vthi=0.01
.
stabilities, with charecterstic frequency lower than the
mean bounce frequency of the trapped particles be-
tween the mirrors, the resulting resultant diffusion of the
trapped particle is mainly due to the lack of conservation
of the canonical angular momentum.
The anomalous diffusion coefficient for the trapped
particle can be written from Ref.25
D ≈ v2Ωτc ≈
E2ξ
B2θ
τc (28)
where vΩ is the drift velocity of the trapped particle to-
6wards the magnetic axis, τc is the correlation time. The
quantitate estimate of |eφ/T |2 ∼ (γ/ω∗)(1/k2⊥L2n).
In Figs.5 and 6 we have plotted the diffusion co-efficient
for collisionless and weakly collisional TEM mode for dif-
ferent lower hybrid pump amplitude.
VI. DISCUSSIONS
The anomalous diffusion of collisionless and weakly col-
lisional trapped particles due to low frequency modes is
considered. In axisymmetric torus the diffusion of the
trapped particles appear due to changes in the angular
momentum (Ware Pinch33). With the increasing of nor-
malized lower hybrid pump amplitude it further destabi-
lized the drift wave (cf. Figs. 3 and 4) by the paramet-
ric coupling of the pump and the sideband waves, which
gives a significant role in diffusion of the trapped particle
in the core region of the tokamak (cf. Figs. 5 and 6), as
most recently observed in Alcator C-Mod23,24. The in-
ward diffusion of the trapped electrons in the presence of
lower hybrid pump is quite significantly large compared
with the weakly collisional trapped electron modes. In
the region of trapped particles the amplitude of pump
wave has to be constant, which may be reasonable as
long as pump frequency of the lower hybrid layer. The
Lower hybrid wave - trapped particle mode interaction
is localized in a parallel length of the order of the width
of the phased array of the wave guides. However the
drift wave mode structure extends far beyond this re-
gion, hence the pump effectiveness is may be significantly
reduced. The trapped particle diffusion is primarily ex-
pected to be taken place in the LH resonance cone.
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